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Separative Power for a Binary Mixture of Isotopes

A. K. MAHENDRA* V. D. PURANIK, and B. BHATTACHARJEE

CHEMICAL TECHNOLOGY DIVISION
BHABHA ATOMIC RESEARCH CENTRE
MUMBAI-400 085, INDIA

ABSTRACT

A more accurate expression for the separative power of adevice separating abinary
mixture into two streams with a large separation factor is worked out by taking re-
course to the thermodynamic entropy function without any simplification. It is also
shown that the expression reduces to the commonly used form under the assumption
of close separation.

INTRODUCTION

For a separation device, the separation factor expresses the change in the
composition, while the throughput or flow rates indicate the rate at which this
change is effected. The separative power of the device is a property which
combines both the magnitude of change in composition and the rate at which
it is brought about. It is thus a measure which describes the separation perfor-
mance of the separating device comprehensively. Historically, the expression
for the separative power was derived under the assumption of close separation
for use in the gaseous-diffusion process, where the separation factor is small.
In the present work, amore accurate expression for the separative power for a
device having a large separation factor is derived by taking recourse to the
thermodynamic entropy function without any simplification.

* To whom correspondence should be addressed.
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3212 MAHENDRA, PURANIK, AND BHATTACHARJEE

SEPARATIVE POWER AND VALUE FUNCTION

The separative power of adevice separating a binary isotopic mixture par-
tially into two streamsis given by the following expression:

dU = PV(Np,) + PV (Np,) — FV(Ng) (1A)

The expression is similar to the one for the conservation of an extrinsic
property in a steady-state flow process, the extrinsic property in the present
case being the value function. It may be noted that the value function isafunc-
tion of composition alone, and its functional form isarrived at with the objec-
tive of making the separative power of the device independent of composition.
The following expression for the value function is derived under the assump-
tion of close separation (1, 2) which allows the terms of order larger than 2 to
be neglected (see Appendix 1):

V(N) = (2N — 1) In[N/(1 — N)] (1B)

However, the above expression of the value function isaso commonly used
to calculate the separative power of a device with a large separation factor.
Perhaps one can justify the practice with the notion that a device with alarge
separation factor can be split into many small subdevices (such that each sub-
device is amenable to close separation) and the separative power of each of
such subdevices can be subsequently added to get the separative power of the
device (because the above expression of the value function has the additivity
property). Inreality, such asimplification for alarge separation case may lead
to propagation of significant error in the calculation. In the present study an
accurate expression for separative work for large separation factorsis derived
by relating separative work with the thermodynamic entropy.

SEPARATIVE POWER AND ENTROPY

The separation process is characterized by a decrease in entropy or disor-
der. But the rate of change of the mixing entropy of the isotopes varies with
the composition of the mixture (3), and hence would vary according to the po-
sition of separating device in a cascade. The entropy change is greatest when
Nr = 0.5 and becomes very small when N is either close to zero or close to
1. For a mixture containing two isotopes with concentrations N and (1 — N)
respectively, the entropy change caused by the separating element is propor-
tional to N(1 — N). Thisis because of al the fractions of possible pairs of
molecules upon which the element does the separation job, it is only the frac-
tion of unlike pairs, i.e., N(1 — N), which resultsin useful separation. Separa-
tion can be visualized as being produced by a Maxwell’ s demon (4) working
in the element. Apart from simply separating the pairs of unlike molecules,

MaRcEL DEKKER, INC.
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SEPARATIVE POWER FOR A BINARY MIXTURE OF ISOTOPES 3213

Maxwell’s demon aso worksin finding them. In order to find amolecule of a
particular isotope, the demon has first to forget the result of its previous ob-
servation. The erasure of the previous observation in the brain of the demon
working inside the separating element increases the entropy of the combined
demon-separating element system (5, 6). (It should be noted that the paradox
of the apparent violation of the second law of thermodynamics by Maxwell’s
demon was resolved as aresult of research on the energy requirement of com-
putations.) Thus the information erasure which occurs after every finding of
the molecule of the desired isotope leads to the dissipation of energy (7). The
information required by the demon for distinguishing between molecules of
desired and undesired isotopes depends on the number of unlike pairs. Thus
thefruitful work done by Maxwell’ sdemon is based on the entropy change per
pair of unlike molecules separated by the demon (8). For adevice handling a
feed rate of F mol/s with concentration N, the separative work done per unit
time by Maxwell’ s demon of the separative deviceis proportional to AS/{N(1
— N)}. The separative power can therefore be defined as

3U = FAS/{RN(L — N)} )

The entropy per mole of the mixture of isotopes is greater than the con-
stituents at the same temperature by an amount

SIN) = RININN + (1 — N) In(1 — N)} 3)

For a separative element with a throughout of F mol/s of the mixture with
concentration N that produces a fraction 6F of product P, at mole fraction
Np, and (1 — 6)F of product P, at mole fraction Np, (asin Fig. 1), the total
change in entropy per moleis given by

AS(NF) = 60(Np,) + (1 — 0)S(Np,) — S(NF) (4)

—— Product 1, P, =0F
at conc. Np;

| SEPARATING
DEVICE

Feed, F
at conc. Ny

Product 2, P, = (1-6)F

|, atconc. Np;

FIG.1 Separating device.
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3214 MAHENDRA, PURANIK, AND BHATTACHARJEE

Expanding SNp,) and SNp,) around SNg) using the Taylor series, we ob-
tain

S(Np;) = S(Ng) + i {(Np; — Ne)"/ni}{d" S(N¢)/dNE} (5)

SNe) = SING) + 3 {(Ne, ~ NN SNNG) (9

From Egs. (4)—<6) and utilizing mass balance and single component bal-
ance, the change in entropy per mole of the feed for the mixture of isotopes
works out to be

n=oco
ASNg) = » (Un!){d"SNg)/dNF} @)

X [6(Np, = Ng)" + (1 — 0)(Np, — Np)]

Further, from mass balance and single component balance:

(Ne, = N&)™ = (=1)[0/(1 — 6)]"(Ne, — Ne)" ®
(Np; — NE)™ = NE(1 — Ng)"(€/6)" 9)

where
E€=B1— VB2~ Dl(x — 1) (10)

With the use of Egs. (8) and (9), the change in entropy per mole of the feed for
the mixture of isotopes can be shown to be

AS(NY) =; (NE(L — Ne)ni{d"S

> (Ne)/dNF} (£/0)" [1 + (—=1)"{6/(1 — 6)}" ]

By differentiating the entropy function in Eq. (3) and substituting in Eq.
(11), we get

(11)

ASND = 3 RNE(L— NO) bl (M + (M + 1) (12
m=0
where
X = OGO+ (-1~ O{E/A - O™ (19
and
i = NEVE = (1) — N (1)

MaRcEL DEKKER, INC.
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Thus, the separative power of a separating device per mole of the feed can
be written as

m=oo

BU(NE)/F = ASNE)ARNE(L — Ne)} = 5 xebm{ (M +2(m + 1)} (15)
m=0
The solution of Eq. (15) finally leads to
SU(NE)/F = [(§ — 0/Ng) In{6/(6 — ENF)} + {&
—(1—=60)/(1—Ne} In[(1-6)(1—-06)—¢
(16)
X (1= Ng}] = {&€+ (1 — 6)/Ne} In[(1 — 6){(1 - 6)
+ EN)}] — {€ + 6/(1 — Ng)} In{6{6 + §(1 — Ne)}]

It should be noted from Eq. (10) that & is afunction of B4, Bo, and a. Fur-
ther, B1 and B, can be expressed as functions of «, 6, and Ng as follows:

1= {V (2 + 4N=(1 — Np)a) + NH(2Ng) (17)
B2={V(\?+ 4Ne(1 — Ne)o) — NP (2(1 — Ne)} (18)

where
N=a(Ne—0)+Ne+6—1 (19)

It isto be noted that the expression for separative power given by Eq. (16)
has been derived from the entropy function and is without the assumption of
close separation. The expression for separative power given by Eq. (16) can
be used for any isothermal process for a binary ideal solution where separa-
tion is taking place. The equation for the case of close separation can be ob-
tained from Eqg. (11) as per the details shown in Appendix 2.

A plot of 3U/F with respect to feed concentration, N, and cut, 6, for acase
where the value of the overall separation factor is6 isshownin Fig. 2.

It is clearly observed that the separative power for a device handling a bi-
nary mixture with alarge separation factor isafunction of feed concentration,
Nr, overall separation factor, o, and cut, 6. Even for a symmetric separation
process (i.e., B1 = B> = B), dU isafunction of feed concentration, Nk, and
overall separation factor, o, and hence 8U cannot be made independent of Nr.
The expressions for the separative power become much simpler for cases
where Ne = 0, N = 0.5, and N = 1.

Separative Power for the Case Where Ne=0and Ng=1
In the case when N = 0, Eqg. (14) reducesto

Um=(—D" (20)

MaRcEL DEKKER, INC.
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This expression is similar to the one given by Bulang et a. (9) [a
printing error in their formula was pointed out by Apelblat and Lehrer-
Ilamed (10)]. However, the expression derived by Kanagawa and Y amamoto
(13-16) is

SU(0)/F = [In(B2) — {(B2 — /(e — 1)} In()] (26)

It may be noted that the expression obtained by us and the one by Bulang et
a. (9) for Ng = Oisdifferent from the expressions obtained by Kanagawa and
Y amamoto (13-16). While on the subject, it may be mentioned that the ex-
pressions obtained by Kanagawa and Y amamoto can be obtained from the
value function for close separation case (see Appendix 3), and therefore do not
represent cases with large separation factors.

For the case when N = 0, the separative power per mole of feed isafunc-
tion of B4, the heads separation factor. Similarly for the casewhen Ng = 1, the
expression for the separative power will be afunction of B,, the tails separa-
tion factor. The separative power per mole of feed of aseparating device when
Ng = 1 can be written as

SU(1)/F = [In(B2) — {(B2 — /(e — 1)} In(e)] (27)
whereas the expression derived by Kanagawa and Y amamoto (13-16) is
SU(1)/F = [In(B1) — {(B1 — D/(a — 1)} In(e)] (28)

It may be noted that the above expression obtained for Ng = 1 is different
from the expression obtained by Kanagawa and Y amamoto (13-16).

Separative Power at Ne=0.5

In the case when Ng = 0.5, Eq. (14) reducesto
Um = (0.5)™1 + (—=1)™(0.5)™"1 (29)
which makes the separative power of an element per mole of feed

m=oo

BUOB)/F = [(£+20) Y (&/20)™Y(m+ 1)
m=0

+ (& — 26)m§c (—D)™ME/20)™ Y (m + 1)
m=0 o (30)
+{&+ 2(1 - 0)} Z {&£/2(1 — 0)}™ Y (m+ 1)

F{E- 200} Y (-DE2AL- )™ H(m + 1)

MAaRrcEeL DEkkER, INc.
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3218 MAHENDRA, PURANIK, AND BHATTACHARJEE

The solution given by Eq. (30) leadsto
dU(0.5)/F = [£In{(26 + &)/(20 — &)} + &In

X[{2(1—6) + (21— 6) - €} —261In

(31)
X [(20)%{26 + & {20 — £] — 2(1 — 0) In
X [{2(1 - 6)}2{2(1 — 6) + & {2(1 — 6) — &}]]
By substituting the following expressions for 3, and B, in Eqg. (31), one
obtains the expression for separative power at Ng = 0.5.
B1="V(a — 1)2(05—0)2+ a + (o« — 1)(0.5 — 8) (32)
B2 ="V(a — 1)2(05—0)2+ a — (o — 1)(0.5 — 8) (33)

SEPARATIVE POWER FOR A SYMMETRIC DEVICE

In general, for symmetric cases (i.e., B = B> = B), the expression for sep-
arative power as a function of 3 and Ng obtained from Eq. (16) is

[BU(NE, B)/Flsym = B In BA(B + 1)Ne(1 — Ng)}
—{(1 = Ng) + BNe} In{1 + (B — DNFA(B
+ DN:(1 — Np)} — {Nr + B(1 — Ng)} In{1

+ B = Ne){(B + DNe(1 — Ne)}
The above expression simplifiesnear N = 0and N = 1to

[BU/F]ym = {(B — D/(B + D} InB (35)
It simplifiesnear Nr = 0.5t0

[BU(0.5, B)/Flym ={(B — /B + 1)} InB
+{(3p + /(B + 1)} Inp + 4In{2/(1 + B)}

Kanagawa and Y amamoto (13-16) have, however, arrived at an equation
identical to Eqg. (35) for the entire range of feed concentration. The function
given by Eq. (35) isidentical to the commonly used expression for symmetric
cases.

In order to get an idea of the magnitude of error between the separative
power given by Eqg. (36) and Eq. (35), the error between them (evaluated at N
= 0.5) isplotted in Fig. 3.

(34)

(36)
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FIG.3 Graph of separative power and error (%) for symmetric device at feed concentration
NF: 0.5.

For instance, consider the case of deutrium exchange between ammoniaand
hydrogen—a process employed for producing heavy water. This exchangein-
volves seven isotopic species, viz., NHz, NH,D, NHD,, ND3, H,, HD, and Do,
and 12 different reactions are possible. The overall separation factor will de-
pend upon any four reactionswhich involveall the seven species. Thusthefol-
lowing reactions describe the exchange:

NHs; + HD < NH.D + H, (37)
NHs; + NHD, < 2NH.D (38)
NH.D + ND; < 2NHD, (39)

H,+ D, S 2HD (40)

The overall separation factor o« in NHs—H, exchange given by the Egs.
(87)—40) isaround 8.571, which correspondsto 3 = 2.927 at 193.16 K for a
symmetric case (17). This gives an error of nearly 5% in evaluation of separ-
ative power per mole of feed using Eq. (35).

DIFFERENCE IN THE PRESENT AND THE
CONVENTIONAL VALUE FUNCTION

The present value function of a stream at concentration N is proportional to
the entropy per mole S(N) divided by the probability of the entropy change
given by the fraction of unlike pairs at the feed concentration of the device,

MaRcEL DEKKER, INC.
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3220 MAHENDRA, PURANIK, AND BHATTACHARJEE

Ne. Thus, the value function is written
V(N) = [NInN) + (1 = N) In(1 — N) + In(2]ANe(1 — Np)}  (41)

The extraterm, In(2), which has been added in Eqg. (41), does not alter the
value of separative power; rather it is done so that the boundary conditions
given below are satisfied.

V(N)n=o05 = {dV(N)/dN} n—05 = O (42)

Figure 4 shows the different value functions plotted against feed concen-
tration. It should be noted that the above graph is symmetric about N = 0.5
only because of the imposed boundary condition given by Eq. (42). By im-
posing a similar boundary condition at any arbitrary concentration other than
N = 0.5, e.g., given by Eq. (43), the graph shown in Fig. 4 will no longer be
symmetric about N = 0.5.

5.00 — — 2.50
J Conventional Value Function , (2N-1)Ln{N/(1-N)]
—_— Present Value Function at NF = 0.1
B Present Value Function at NF = 0.3 -
—_ - — Present Value Function at NF = 0.5
4.00 — — 2.00
o
c / i 2
o ©
g s
€ 300 — / — 150 W
()
[T =
P —_—
= i (S
E / S
> =
wd
S 200 / —100 2
2 [ 5
>
o / /L c
/ ]
/ / o
1.00 — / ;0 1050
/
y/ 4
s L
s
c
000 T ; I k T ; I 000

010 020 030 040 050 060 070 0.80 0.90
Concentration,N

FIG.4 Graph of the present value function for different feed concentrations as compared to the
conventional value function.
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V(N)nxos = {dV(N)/dN} n<os5 = 0 (43)
The value function for a product stream P; can thus be written

V(N)pi = SN)pi/{RNE(1 — Ng)}
n=cs (44)
=) [(Npi — Ng)"{n!RNE(1 — Ne)}{ d"S(Ng)/dNF}

n=

It may be noted that the value function given by Eq. (41) will not assure the
additivity of separative powers. This is because the rate of change of the en-
tropy of the isotopes varies with the composition of the mixture and would
vary according to the concentration of the feed, Nr.

As mentioned earlier, the conventional value function for the same product
stream in a close separation case is given by Eq. (1B), namely.

V(N)p, = (2N — 1) IN[N/(1 — N)] (45)

It is also to be noted that for close separation cases Eq. (45) is not only ad-
ditive but it also allows the separative power to be independent of feed con-
centration.

CONCLUSION

The commonly used expression for the separative power is applicable
when the separating device is operating with a small separation factor. The
Separative power of a separating device is conventionally considered to be a
property independent of the concentration level at which the device is oper-
ating. Such an expression has aform similar to that of the conservation equa-
tion for an extrinsic thermodynamic property for a steady flow process. It is
not, however, possible to arrive at an extrinsic form of expression for a gen-
eral case where the separation factor is large. The expression derived in the
present work for the general case has been arrived at from the entropy change
for mixtures based on its linkage to the work of separation. However, it does
not have the desired additive property. This expression clearly indicates that
an error is caused when the usual form of separative power is used for cases
where the separation factor is appreciably large. The value function arrived
at in the present work takes a form which is dependent on the feed concen-
tration, indicating that ageneral expression for separative power independent
of feed concentration is not possible for the case of alarge separation factor.
However, in most separation methods based on statistical-molecular pro-
cesses, the basic separation effect is small and, hence, these are amenable to
the usual form of value function (i.e., value function independent of feed con-
centration). Consequently, for devices with large separation the usual method

MAaRrcEeL DEkkER, INc.
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3222 MAHENDRA, PURANIK, AND BHATTACHARJEE

of calculation of value function and separative power could lead to signifi-
cant errors.

APPENDIX 1

The value function is determined to satisfy the requirement that the separa-
tive power is independent of concentration, and depends only on the separa-
tion factor. The separative power 83U of a separating device can be defined as
the change in the value of material obtained after separation:

dU = 6FV(Np,) + (1 — 0) FV(Np,) — FV(Ng) (A2)
Expanding V(Np,) and V(Np,) around V(Ng) using the Taylor Series

n=o

V(Np,) = V(Ng) + Z {(Np, — Np)"/ni}{d" V(NE)/dN#} (A2)

V(Np,) = V(Ng) + :Zoo {(Np, = Ng)"/ni}{d"V(Ne)/dNE} (A3

Substituting Egs. (A2) and (A3) in Eg. (A1) and using mass balance and
component balance, the change in the value per mole of the feed for the mix-
ture of isotopesis

n=c
dUIF = Z (/n){d"V(Ng)/dNE}
n= (A4)

X [6(Np, = NF)" + (1 — 0)(Np, — Np)"T]

Using Egs. (8) and (9) obtained from mass bal ance and component balance,
Eq. (A4) issimplified as

dU/F = Z (NE(1 — Np)"/n){d"V(Ng)/dNF}

= (A5)

X (£/0)"0 [1 + (—1)™{6/(1 —0)}" Y

Since & isafunction of «, 6, and N as shown in Egs. (17)—19), for 8U to
be independent of concentration the mathematical condition imposed is

d"V(Ng)/ANE = @n/[En(NE)NE(L — Ng)"lvn=2:Nee(0,1) (A6)

where £,(Ng) isafunction from & containing terms of Ng. In the case of asym-
metric device (i.e., B = B1 = B2), thefunction &,(Ng) is(B — 1)/(B + 1) for
al Ne. ¢, contains constant terms.
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There is no functional form of the value function V(N) which satisfies Eq.
(A6) for all values of Ng so long as the value function is monotonic. Thisim-
plies that it is not possible to define 8U/F independent of feed concentration
NE.

Thevauefunction (2N — 1) In{N/(1 — N)} isobtained by neglecting terms
of order higher than 2 and by introducing boundary condition

V(N)n=o05 = {dV(N)/dN}n=05 = O (A7)

The functional form of V(N), as in Eg. (A1), can also be solved using
the difference equation by Pratt (2) or other indirect methods of solution
by Lehrer-llamed (11), Gantayet and Madhavan (12), and Kanagawa and
Y amamoto (13-16). But the solution obtained by these authors assumes
that the terms in the functional form of V(N) are only functions of 3, and
B2. Thisis not true: for a separating device with given « and 6 the heads and
tails separation factors B; and B, are functions of Ng, as shown by Egs.

(17)<19).
APPENDIX 2

By neglecting the terms of order higher than 2, Eq. (7) can be rewritten
AS(Ng) = (U2'){ d°S(Ng)/dNE}[6(Np, — Ng)? + (1 — 0)(Np, — Np)?]  (A8)
From Eq. (3) by differentiation:

d®S(Ng)/dNZ = R/{Ng(1 — Ng)} (A9)
Substituting Egs. (A9) and (8), Eq. (A8) issmplified to
[AS(NE)] ciose separation = RI{2Ne(1 — Ne)}(6/(1 — 8)(Np, — Ni)?  (A10)
Using Eq. (2), the separative power U can be expressed as
[3U/F ] ciose separation = (8/(1 — 6)(Np, — Ne)?{2N&(1 — Np)?}  (AlD)
since
(Np1 — Ng) = (B2 — IN&(1 — Np1) = eNe(1 — Ng) (A12)

By substituting Eq. (A12), the separative power per unit feed in terms of en-
richment factor e for the close separation case can be shown to be

[SU/F]CIoseseparation = {(0/(1 — 0)} 2 (A13)
APPENDIX 3

By substituting the differentiated form of the value function for the close
separation case [i.e, (2N — 1) In{N/(1 — N)}], Eq. (A5) for the separative
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power is rewritten

SU(Ng)/F 5 (dn(Ne)/n!) (£/6)" 6[1 + (—1)™{6/(1 — 0)}"" 1] (A14)
where
— _ _ n/N 2
én(NF) (I:]=n+22)!(1 NF)"/Ng (A15)
ZO [(=D)"*(k + 1)(n — k = D{Ne/(1 — Ng)}"?]
K=
Thefunction ¢,(Ng) a N = 0is
$n(0) = (=1)"(n — 1)! (A16)
Therefore, at N = 0,
dU(0)/F = [emiw(—l)m“(g/e) ™ (m + 1)
o (A17)

+(1- O)miz {&/1 — 0)y™ H(m + 1)]

Thisisfurther smplified to
SUWO)YF=T[0In{6/(E+0)} +@Q—-0)In{(1—-60)/1A—-6—-E&}] (Al18)
Using Egs. (23) and (24), Eq. (A18) isrewritten
dU(0)/F = [In(B2) — {(B2 — 1)/(a — 1)} In(et)] (A19)

The above expression for 8U(0)/F is similar to the expression used by
Kanagawa and Y amamoto (13-16), and it represents the case of N = O for a
close separation case.

NOMENCLATURE
ouU separative power (k mol/s)
B1 heads separation factor of a separating device
B> tails separation factor of a separating device
« overal separation factor of a separating device at a given process

condition
tails/heads separation factor of a symmetric separating device
function of separation factors = (1 — 1)(B2 — 1)/(a — 1)
enrichment factor = (8, — 1)
cut for the product P, = P4/F

-0 cut for the product P, = P./F

= D MU
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general composition (mole fraction)
composition of the product P, (mole fraction)
composition of the product P, (mole fraction)
composition of the feed F (mole fraction)

V(N) value function for any composition N

entropy (JK)

change in entropy (JK)

universal gas constant (JK/kmal)

feed rate of the separating device (k mol/s)

product 1 coming from the separating device (kmol/s)
product 2 coming from the separating device (kmol/s)
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